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A PERTURBATION ANALYSIS OF NON-LINEAR FREE
FLEXURAL VIBRATIONS OF A CIRCULAR

CYLINDRICAL SHELL

SATYANADHAM ATLURI

Department of Aeronautics and Astronautics, University of Washington, Seattle, Washington

Abstract-Non-linear free vibrations of a circular cylindrical shell are examined using Donnell's equations. A
modal expansion is used for the normal displacement that satisfies the boundary conditions for the normal
displacement exactly, but the boundary conditions for the in-plane displacements are satisfied approximately by
an averaging technique. Galerkin technique is used to reduce the problem to a system of coupled non-linear
ordinary differential equations for the modal amplitudes. These non-linear differential equations are solved for
arbitrary initial conditions by using the multiple-time-scaling technique. Explicit values of the coefficients that
appear in the forementioned Galerkin system of equations are given, in terms of non-dimensional parameters
characterizing the shell geometry and material properties, for a three mode case, for which results for specific
initial conditions are presented. A comparison ofthe results with those obtained in previous studies of the problem
is presented and the discrepancies are discussed.
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inplane stress resultants
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M- 4

N- 4

coefficients in Galerkin system of equations; listed in the Appendix for the three mode case
a small parameter that characterizes the amplitudes of initial conditions on q,
multiple time scales
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component of qi multiplied by em
MrrjAN (ratio of circumferential wave length to axial wave length)
(N 2hjR)2

INTRODUCTION

NON-LINEAR effects have long been recognized to play an important role in determining
the stability and response of thin shells and plates under dynamic and aeroelastic loads.
Chu and Herrmann [1] first presented an analysis for flat plates, where they also demon­
strated the consistency of neglecting inplane inertia terms in the study ofnon-linear flexural
vi~rations of a plate. Chu [2] later presented an analysis for circular cylindrical shells and
also gave a solution using a single-mode approximation, which indicated that the non­
linearity was always of the hardening type, i.e. the frequency increases with the amplitude
of vibration. Nowinski [3] later confirmed the results of Chu [2]. On the other hand, some
experiments by Evensen [4] and Olson [5] indicated that the non-linearity is of the softening
type, i.e. the vibration frequency decreases with amplitude. Evensen [6] later pointed out
that the mode shape assumed by Chu [2] does not satisfy the condition of continuity of the
circumferential inplane displacement, v, (but satisfies the support conditions on the normal
displacement, w) and conversely that the mode shape of Nowinski [3] satisfies the circum­
ferential continuity condition on v, but violates the condition w = 0 at the support. Further,
in the analyses ofboth Chu [2] and Nowinski [3], no restraints on the axial inplane-displace­
ment, U, at the ends of the cylinder were imposed.

Evensen [6] gave an analysis for a simply-supported shell, with a two-mode approxima­
tion, which satisfies the circumferential continuity condition on v and the condition w = 0
at the supports. However, the moment-free condition at the simply supported end was
violated to the order O(A;'n) (where Amn is the modal-amplitude) and further no constraint
was imposed on the axial displacement U at the ends of the cylinder. Thus, as Evensen [6]
himself points out, the assumed mode satisfies boundary conditions that actually lie
somewhere between simply supported and clamped ends. It should also be pointed out
that the two coupled modal equations derived by Evensen [6] contain both non-linear
"inertia" terms as well as non-linear "elasticity" terms (the terminology is the same as in
Bolotin [7]) in contrast to the equations of Chu and Nowinski [3] which contain only the
nonlinear elasticity terms as in Dulling's equation. Using modes shapes similar to those of
Evensen [6], Matsuzaki and Kobayashi [8] obtained similar modal equations for clamped
and simply-supported shells. The results of Evensen [6] showed that, for the two-mode
response case, the nature of non-linearity is dependent on the aspect ratio ~ (ratio of
circumferential wavelength to axial wavelength); small values of ~ generally resulting in
softening effects and large values of ~ resulting in hardening effects.

Dowell and Ventres [9] presented a set ofmodal equations, wherein the assumed modes
satisfy the simple-support conditions for wexactly but both the circumferential continuity
condition on v, as well as the restraint on the inplane-axial displacement were satisfied on
the average. As is discussed in the following, this averaging method violates the continuity
constraint on v to the order O(A;'n)' Dowell, however, did not present any solutions for his
modal equations. However, such an averaging method has been shown to be a satisfactory
approximation for a plate or ring by Bolotin [10], Fralich [11] and Dowell [12].

As for the solution techniques, the method of harmonic balance or so-called method of
averaging (Ref. [13]) has been employed by Evensen [6] and Matsuzaki and Kobayashi [8]
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in studying the relation between the "natural" frequency and amplitude and the forced
response near resonance, using only a two-mode approximation. Similar techniques were
employed in the analysis of a circular ring by Evensen [14, 15J, and Dowell [16J and by
Olson and Fung [17] in the analysis of shell flutter. If one wishes to retain more axial or
circumferential modes in the w expansion, the harmonic balance technique becomes very
tedious. In this regard, numerical integration of equations of motion to obtain the time
history of modal amplitudes have been suggested. However, due to wide variation of the
linear natural frequencies of each mode, no reliable information is available concerning the
n'lmerical stability criteria on the time increments needed for the integration of non­
linear modal equations.

The purpose of the present paper is to study the non-linear vibration behavior of the
shell when the simple-support conditions on the normal displacement are satisfied exactly
and the restraint on both the inplane displacements, u and v, is imposed, at least, in an
integral average sense.

Thus, the starting point of the present paper is to derive the non-linear modal equations
(using the averaging method similar to the approach of Dowell [9] to satisfy the boundary
conditions), in a convenient non-dimensional form in terms of pertinent non-dimensional
parameters characterizing the shell geometry and material properties. However, explicit
expressions for the coefficients in the non-linear modal equations are given for only a
three-mode case. A general solution procedure, for the free-vibration problem, when the
shell is subjected to arbitrary initial conditions and responds in M axial modes and N
circumferential modes, is given by assuming a uniformly valid asymptotic expansion using
the method of multiple time-scales (Refs. [21, 22]). The relation between the natural fre­
quency of each mode and its amplitude is derived theoretically for the general response
problem. Finally, the solution procedure is illustrated by an example wherein the shell is
initially disturbed in a specific mode and the response due to non-linear coupling is assumed
to involve three modes. Comparisons of the present results are made with those obtained by
Chu [2], Nowinski [3] and by Evensen [6]. A discussion of the noted discrepancies is
presented.

BASIC EQUATIONS AND PROBLEM FORMULATION

The equations for non-linear free vibrations of a circular cylindrical shell, based on
Donnell's shallow shell theory, have been shown by Chu [2], to be,

02W 1 02
<1> 1 [02

<1> 02W 02
<1> a2w 02

<1> 02WJ
DV

4

w+ Pmh ot2 = Ji OX2+R2 alP ox2-2oxop oxop+ ox2 Op2
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V
4

<t> = _.!. 02W _1[( a
2
w ) 2 _ a

2
w 02WJ

C R +R2 oxop ox2 ap2 (2)

where x is the meridional length coordinate, p the circumferential angle, R the radius of the
shell, h is the thickness, w is the normal displacement (positive inwards), V4 is the bihar­
monic operator and <I> is the inplane-stress function, such that

1 02<1>

N xfl = -Ji oxop' (3)
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(4)C = Eh.

Further, the shell material is considered to be elastic, isotropic and the midsurface of the
shell is used as a reference surface. Thus,

Eh 3

D=--~
12(1- r 2

)

Implicit in the derivation of equations (1) and (2) are: (a) the neglect of inplane inertia and
consequently they are limited to purely bending motions, (b) only the predominant non­
linear terms have been retained, and thus, for instance, the non-linearities in curvature
strains have been ignored, (c) Donnell's approximation (1/N2 « 1, where N is the circum­
ferential wave number) has been used, which limits the analysis to N ::2: 5, (d) the usual thin
shell assumption (hiR) « 1 and the neglect of transverse-shear and rotary inertia efforts, (e)
the non-linearities in the mid-plane stretching strain terms have been retained, using the
stress-displacement relations,

2 N x _ rw ~(ow) 2 _r_(ow) 2 ou ~ ov _ 1- r
2

o2C1>
(1- r )C = R +2 Ox + 2R2 0[3 + ax + R 0[3 - R2c 0[32

(1- 1'2) N p = _~+2:'(ow) 2 +_I_(OW) 2+~ OV +r ou = 1- r
2

o2C1>
C R 2 Ox 2R1 0[3 R 0[3 Ox C ox1 (5)

1 N xp [lOW ow 1 ou Ov] 1- 1'2 c2C1>
(1- I' )c = 2(1- v) R Ox 0[3 +R0[3 +Ox = - RC oxo[3'

It is assumed that the shell is simply supported, and thus, the boundary conditions on the
normal displacement are,

W = ° at x = 0, L, (6)

Following Bolotin [10], Fralich [11] and Dowell [9], the boundary conditions on the in­
plane displacements are satisfied on an average, thus:

1
1

" 1L ou 11
"-oxo[3 = [u(L, [3) - uta, [3)] d[3 = °

o 0 ax 0

f.
Lf.1rr ov f.L

-oxo[3 = [v(x,21t)-v(x,0)]dx = °
o 0 0[3 0

and

(7)

The first of these states that the axial displacements "on the average" are zero at x = 0, L:
the second that the circumferential displacement v is continuous in the circumferential
coordinate "on the average" and the last that the average shear is zero.

Using the non-dimensional variables,

X
(1.=-'

R' (
D )1 12

r = t PmhR4 : (8)
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where, now,

0IY.2 04 04

V
4

== 0IY.4 +20IY.20{32 +0{34

and for convenience, one can also write equations (5}-(7) as

02<i) (5j2 (ow) 2 V(p (ow) 2 oil of)
(l-v2)- = -vDw+- - +- - +D-+vD-

0{32 2 OIY. 2 0{3 OIY. 0{3

02<i) vD 2 (ow) 2 D2(ow) 2 of) oil
(1-v2)- = -Dw+- - +- - +D-+vD-

0IY.2 2 OIY. 2 0{3 0{3 OIY.

and, with the additional definitions,
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(9)

(10)

and

(11)

w = ° at IY. = 0, A, at IY. = 0, A (12)

and

f" loA ~: 0IY.0{3 = f" [u(A, {3)-u(O, {3)J d{3 = °
loA f" ~~0IY.0{3 = loA [V(IY., 2n)-v(0, 2n)J dx = °

loA 102
" 02<i)

0IY.0{30IY.0{3 = 0.

(13)

A modal expansion for w can be assumed as,

w(IY.,{3,r) = LLAMN(r)cosN{3sinMIY.+ LL BMN(r) sin N{3sinMIY. (14)
M N M N

where M == Mn/A. The above expansion satisfies the boundary conditions, equation (12)
exactly, but the satisfaction of the in-plane displacement boundary conditions in an average
sense as in equation (13), as will be shown in the following, involves errors of the order
O(Aim). For purposes of illustration of the derivation of the Galerkin system of coupled
ordinary differential equations for the time behavior of AMN and B MN , only the following
terms are retained:

w(IY., {3, r) = AMN cos N{3 sin MIY. + B MN sin N{3 sin MIY.+A MO sin MIY.. (15)
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By substituting equation (15) into the right hand side of equation (10), one can solve for <D
completely as,

(15a)

where the subscripts hand p stand for "homogeneous" and "particular", respectively.
It can easily be shown that,

$p = (jCl
l/2[C lAMN sin MIX cos Nfl + C 1BMN sin MIX sin Nfl + C2AMO sin MIX]

+(j2Cll/2C;1/2[A2~N(C2 cos 2MIX-C3cos 2Nfl)+ B2~N(C2cos 2MIX

I . AMNAMO .
+C3cos 2Nfl)- 24AMNBMNC3 sm 2Nfl 2 (C3cos Nfl-C l cos MIX cos Nfl)

(16)

(18)

where,

Cl = (M2+N2)-2,C2 = M- 4 andC3 = N- 4. (17)

A comparison of equation (16) with equation (3.5) of Ref. [9J by Dowell, who assumed
the same modes as in equation (14) and satisfied similar boundary conditions as in equation
(13) shows agreement in the solution for <Dh except for the last two terms in equation (16),
which are apparently missing in Ref. [9].

For the homogeneous part, keeping in mind the "average" inplane displacement bound­
ary conditions (13), one can assume a simple function, as

A;. I 1- 2 1- 2 -
'Ilh = Ch:Nxfl +zNpCl -NxpiXfl)

where N x, N pand N xp are physically, the inplane restraint stresses generated at the ends of
the shell, due to the prevention ofthe inplane displacements on the "average". Substituting
for <D from equation (15a) in (II) and using the boundary conditions (13), it can easily be
shown that

NXC~V2) = (A~N;BifN)(j2(Clli2 + vC;1/2)+:n[(-I)M_IJAMO + (j2
C
Jli2 A~o (19)

N (I-V
2

) = (A~N+B~N)(j2(VC-l/2+C-l/2)+V(j2C- 1i2A2 + v
2
(j[(_I)M_I]A (20)

fJ C 8 2 3 4 2 MO Mn MO

NXfJ = O. (21)

Equations (19H21) agree with equations (3.10) of Ref. [9] by Dowell.
At this point it is worth mentioning that in substituting for oii/iJrx andiJV;iJfl, in terms ofw

and the derivatives of wand <D from equation (11), and using the "average" boundary
conditions equation (13), some terms of the order O(A~N) and O(B~fN) disappear in the
process of integration and thus one can see that the averaging process incurs errors of
O(A~N) in satisfying the inplane-displacement boundary conditions in an integrated
"average" sense.
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Once the functions<i>p and <i>h are solved for, as in equations (16) and (18H21), respective­
ly, one can substitute for the total solution for ci> and for the assumed displacement function
w as given in equation (15), into equation (9), to obtain a single non-linear differential
equation in time for the variables AMN , BMN and AMO ' From this equation, using the
Galerkin technique and weighing in turn by each of the functions

sin Alrx cos Nf3 sin Alrx sin Nf3 sin Alrx

and integrating over the shell midsurface, a system of three ordinary, coupled non-linear
differential equations in time can be obtained for the unknowns AMN , BMN and AMO thus:

~2;i+qiOr+ LL bijkq/lk+ LLL Cijk/qjqkq,+O[q 5
J = 0

u1: j k j k I

where, for added convenience, the variables have been redefined as,

j
AMNj jqlj
BMN q2'

AMO q3

Explicit values of the coefficients Or, bijk and Cijkl , for the present three mode case under
consideration, are given in the Appendix, in terms ofthe non-dimensional parameters ofshell
geometry and shell material properties. The coefficients bijk and Cijkl given above, are found
to agree with those in equations (3.11) and (3.12) of Ref. [9J, where they are not listed explicit­
ly, after appropriate reduction of Ref. [9J equations to the form of equation (22).

Even though explicit values are presented only for a three mode case, it can easily be
seen that even for general (MXN) mode case as represented by equation (14), the final set of
equations can still be represented by equation (22), where the dimension of the vector q in­
creases accordingly. It can also be argued that since in the derivation of equation (1), major
non-linear effects have been retained to O(w5

), the corresponding equation (22) is correct to
O(q5) in major non-linear effects in bending vibrations.

SOLUTION OF THE PROBLEM

The system of equation (22) will now be solved for any given initial conditions of the
type,t

qi = erxi at 1: = 0

Oqi = ef3. at 1: = 0
01: I

(23)

where e is an arbitrarily small parameter, that defines the amplitudes of initial values on
displacement and velocity. Correspondingly, one can define for the solution ofequation (22),
that

(24)

t Note lhat the physical initial condition is w, = lila, and iJwJiJr: = IilPi' The magnitudes of these are such that
the shell undergoes large displacements, but small strains.
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Upon substituting equation (24), equations (22) can be reduced to

02 -
;) ;i+nfq/+eL2:b/jkqAk+e22:2:2:Cijklqilkql+0[e4) = O.
ur j k j k I

(25)

Equations ofthe above type have been dealt with, by using the method of harmonic balance
or of averaging by Krylov and Bogoliubov [18), Bogoliubov and Mitropolsky [13). The
method of two-variable expansion was also employed by Cole and Kevorkian (19) in
studying single-degree of freedom systems. Morrison [20J discussed the close relationship
of the above two approaches and pointed out the relative simplicity of the two variable
expansion procedure. Kevorkian [21) later gave a detailed exposition of the two variable
expansion procedure. The generalization of the procedure using multiple-time-scales and
the validity of the asymptotic expansion procedure was also discussed by Nayfeh [22) for
single degree-of-freedom systems.

When the number ofdegrees offreedom involved is large, as in equation (25), the method
of averaging of Mitropolsky [13) becomes tedious. In what follows, a simpler asymptotic
expansion procedure using the method of multiple-time-scales is given for the solution of
equation (25). One can define multiple time-scales r 0, r I' T 2, ... , etc., according as

(26)

One can now assume that there exists a uniformly valid asymptotic solution for qi of the
form,

(27)

where it should be pointed out that qim are now functions of the independent time scales
ro, r 1, r 2, ... ,etc. From equation (26), it can easily be seen that

(28)

substituting for d2/dr 2 and qi from equations (28) and (27), respectively, in equation (24)
and identifying terms multiplied by equal powers of e, one can obtain the following system
of equations:
terms with eO:

(29)

terms with el
:

terms with e2
:

02- 02- 02- 02 -
~+O}q. +2~+2-~+~
or5 1 12 oroth 1 oroOT2 orf

+ 2: L bijMjoqkl + qjlqkO) + 2: 2: 2: C/jk1qjoqkoqlO = 0
j k j k I

etc.

(30)

(31)
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The boundary conditions, equation (23), can be likewise transformed as,

iiiO = 0(;, iii! iii2 = ... = 0 for Om = 0 (32)

(33)

etc., for Om = O.

SOLUTION FOR THE ZEROTH ORDER SYSTEM

The zeroth order system, i.e. equation (29), has the general solution

iiiO = Aih 1,02, ...)e"O,to +Af(01,02,···)e-"O,to (34)

where il. = .J -1, A j is a complex quantity that is a function of the time scales 01' °2, ... ,

etc. and At is the complex conjugate of Aj. A j and Af can be determined from the initial
conditions, (32) and (33).

SOLUTION FOR THE FIRST ORDER SYSTEM

After substituting for iiiO from equation (32), the first order system, i.e. equation (30),
can now be written as

o2iin 2- ok aA*
+ 0 q - _21A. -'-e"O'to+2JA.__' e-"U,to;l2 j i! - 11.:.", ;:\ 'C,l,", ::1

oro uO j l'r 1

- LL bjjk[AjAt e"to(Or Ok)+ AkA; e-"tO(OrOk)
j k

(35)

(36)

In solving for equation (35), the terms on the right hand side which vary with frequency
OJ must be suppressed, as otherwise these would lead to spurious resonance in the solution
and hence would destroy its uniformity. This can be done, by setting,

aA aA*
=--=0ar1 ar j .

Thus, the quantities A and A* are not functions of OJ and hence it can be seen from equation
(34), that the zeroth order solution iiiO doesn't depend on the time-scale r 1 , a fact that can
be traced to the presence of quadratic non-linear terms in the original set of equation (22).
Now, equation (35) can be solved for iii! as,

iij 1 = B j e"fl,to+Bf e - "OirO +LL [b;jk e"ro(flJ - Ok)
j k

+ b~"k e"ro(Qj +Ilk) + b:t'-k' e - "ro(flj-Okl + b:t"k" e - i.ro(Oj+Ok)]
lJ t) U (37)

where B j = Bj(ou 02" .), depends on the initial values for iijl> and the terms b;jk and b;jk
can easily be seen to be,
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and

b" b;jkAjAk
ijk = +(Qj+Qk)2 -Qf

b'tj~, b'tj'k == conjugates of b;j/" b;jk'

From the initial conditions, equations (32) and (33), it can easily be seen that

qi) = 0 for rm = 0

Oqil = _ OqiO = 0 for r = 0
oro or 1 m

(38)

(39)

(40)

since the zeroth order solution, qiO' has been shown to be independent of r) . Using equation
(39), the quantities B; and Bt can be determined from equation (36), in terms of Ai and At.

SOLUTION FOR THE SECOND ORDER SYSTEM
Substituting for qiO and qil from equations (34) and (37), respectively, the second order

system, i.e. equation (31), can be reduced to,

[
oA· OA:"]-2 An _, e.l.n,to_AQ.__' e-.l.n'to

, or
2

'or2

[ oB· OB:"] [A-2 AQ;-' e.l.n,ro_ill;__' e-.l.n,ro - LLbijk (A j e.l."JtO
or) 0,) j k

+Aj e-.l.nJro){Bke.l.nkro+Bt e- WkrO +LL (b~lm e.l.(n,-n.,Jro

I m

+ hI' e.l.(n, +nm)ro +b*' e - .I.(n,-nm)ro +b*" e - .I.(n, +nmlrO)}kIm kim

+(AkeWkto+At e-.l.nkro){Bj e.l.njto+Bj e-.l.njrO

+ " "(b'. e.l.(n,-llmlto + b': e.l.(n, Hlmlro
L. L. Jim JIm
I m

+b,!,1 e - .I.(n,-nm)ro +b'!''' e - .I.(n, +nmlrO)}]
flm flm

- LLLC;jkl(Aj e.l.nJro+Aj e-WjrO)(Ak e.l.nkro

i k I

+ At e - .l.nkrO)(A
I

e.l.n,ro +Ai e - .l.n,ro).

Grouping terms on the right hand side that vary with frequency Q;, equation (40) can be
rewritten as

iJ2 qi2 2 _
--+Q'Q'2 =

'" 2 "uro

(41)
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In the above, Or stands for the combinations,

Or = ±OJ±Ok±OI (42)

(43b)

such that Or =1= 0i and thus the terms on the right hand side of equation (41) which vary
with frequency Or> would not produce any spurious resonance and hence would not alter
the uniformity of the solution. The explicit expressions for Pr are very lengthy and hence
are not recorded here. After some manipulation, it can be shown that the coefficients 'l'l
associated with the terms varying with frequency 0i on the right hand side ofequation (41)
can be shown to be,

'l'l = !Cuu +l2: (2biikb~u+2bikib~u+biikbkU+bikibkii) for 1= i (43a)
k

'l'1 = !(Ciill+Cilil+Cilli)+! 2: (2biikb~1l+bilkbkil
k

+ bUkb~li + bUkbkil + bilkbkli + 2bikib~il+biklbkli

+ biklbkU +biklbkli +biklbkU)'

Spurious resonance in the solution of equation (41) can be eliminated by setting

AOi ~Ai +Ai 2: 'l'IAIAT = 0
eL2 I

and

The system ofequation (44a) can easily be solved by letting

where ~n is a real quantity. Substituting equation (45) into equation (44) yields,

Separating real and imaginary parts in equation (46), one can obtain

and

Equation (47) can be solved as,

(44a)

(44b)

(45)

(46)

(47)

(48)

(49)
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(50)

Thus, the right hand side of equation (48) is independent ofr z and hence, one can write

1 [ IV ](Ji = n I Yk~~ TZ + (JiO(T3 , ... , Tm)·
u, k=1

Using equations (49) and (50), equation (45) can be written as,

(51)

where

An(T3' T4, •••) = ~n eAono
.

Finally, one can now solve equation (41) for iJiZ as

IV (p eAarto + p* e - AartO )

q-. = C.eAa;to+C~e-AaitO+ ~ r r
.z, , L. Oz_Oz

r= 1 r l

where Ci are to be determined from the initial conditions, equation (32), i.e.

iJiZ = 0 for Tm = 0

OiJiZ = _(OiJiO+ OiJil)
'" '" '" for Tm = O.UTa UTz UTI

Using equation (51), the zeroth order solution, equation (34), can be rewritten as,

(
IV)_ - Aa,to TZ -* -qiO = Aie exp - I y,A, Al

0t 1=1

+A~e-Aaitoexp(!2;'YAA*), no L. I I I .
Ui 1=1

(52)

(53)

(54)

Using equations (54), (37) and (52) in equations (24) and (27), the total solution can now be
written as

qi(T) = eiJiO+eZiJil +e3iJiZ+ 0[e4
J

= e[Ai eAnit + At e - AnitJ + eZ[Bi eAait + Bt e - Aa,t

+ I I (b;jk eAt(a) -Ok) + b~k e-At(ar ak)+ b;jk eAt(a) +ak) + b~~ e -At(a) +ak»)J
j k

(55)

where

(56)

Equation (55) indicates that, because of the non-linear coupling between the modes, even
though the initial conditions on the shell correspond only to a single mode, other modes
would also be excited. Further it can be seen that if the principal response of the excited
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mode is of order O(e), the other modes are excited to order 0(e2
). Equation (56), on the other

hand, indicates the effect of non-linearity on the frequencies of natural oscillations of each
mode. The nature of the non-linearity (whether hand-spring type or soft-spring type)
depends on whether the quantity

is positive or negative. From equation (43), it can be seen that Yk depends on the non­
linearity coefficients bjjk and C jjkl . For the present 3 mode response case, if M is even,
as can be seen from the Appendix, all bjjk vanish; and further the coefficients C11tt ,
C 2222 , C2211 and C l122 , C 1133 and C 2233 are always positive, while the sign of the co­
efficients C3311 , C 3322 , C3333 , would depend upon the parameters (Mn/A), Nand h/R.
Thus, ifthe initial conditions on the shell are such that only either one of the first two modes
is initially excited, with M even, it can be seen from equation (43) that Yl is positive and a
hard spring type non-linearity would result. If the shell is excited initially in the third mode,
the nature of non-linear behavior can only be decided based on the parameters (Mn/A)
and 15.

If on the other hand, M is odd, the coupling between the first two modes and the third
mode exists in the form ofnon-vanishing bijk and consequently, the sign ofYk in equation (43)
can only be divided for particular values of (Mn/A), Nand 15. To put the discussion that
follows in the proper perspective, a specific example is given.

RESULTS FOR PARTICULAR INITIAL CONDITIONS

Let the shell be subjected to the initial velocity conditions, as

- ow . . .' (!VIP)W(ex, P, 0) = 0 or (ex, P, 0) = eptnt sm Mex cos Np = eptnt sm Mex cos T

where

~ = Mn = (M) (nR) = Circumf~rential wave length.
AN L N AXIal wave length

For purposes of illustration, consider the response of the shell to be represented by,

(57)

(58)

It can be seen from equation (55) and using initial conditions, equation (57), the solution
of the zeroth order system is given by.

where

(60)

;>;. - r\ [1+ 2PiYt]
Ut - Ut e 4Qi (61)
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with
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2=['2 (M)2]2 12(1-V
2
)R

2(M)4['2 (M)2]-2
0 1 M + ~ + h2 M + ~ .

Further, as can easily be seen from equation (43a) and the Appendix,

_ ~C ~( _ 2b I13b3I1 b I 13b3I1)
Y1 - 2 I I1 I +2 O~ +40i - O~ .

From equation (63), it can be seen that when M is even,

Yl = tCIIII

(62)

(63)

(64)

which is always positive (since C 1 I I I is) and hence the non-linear natural frequency always
increases with amplitude, as indicated by equation (61). However, the sign of the second
term in equation (63), for M odd, depends on M, A, Nand b. Particular results are shown in
Figs. 1and 2 and a comparison with previous results is discussed in the next section.

To complete the solution, the solution for the first order system, from equation (55),
can be written as,

N B no B . no 1 bi I 1 b jj 1 "'....
qjj = jj cos U{r + ;2 sm U(C +2 Of +2(40i -Of) cos .a.l(l:.

Using the initial conditions,

qil = 0 and aqjj = 0 for T = 0aT

(65)

(66)
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one can solve for Bi 1 and write

(67)

From equation (67) it can be seen that because of the vanishing of the b211 in the present
example, the second mode is not present in the solution at least up to the first order solution.
By carrying on the higher order solution, it can be shown that the second mode is present
in the second and higher order solutions because of the nonzero coupling coefficient
C2211' This is in contrast to the forced response case, as has been shown by Evensen [6],
where the first and second mode responses are approximately of the same order when
the forcing function corresponds to only one of the modes. Combining equations (24), (60),
(67) and (59), one can write for the response subject to initial conditions, equations (57)
and (58) as,

(68)



564 SATYANADHAM ATLURI

COMPARISON WITH RESULTS BY OTHER AUTHORS

Chu [2J assumed a single mode of the form

. nx a
W = AMN(t) sm L cos N 1" (69)

It can be seen that the above mode satisfies the simple-support boundary conditions,
equation (6), on W. However, the condition of circumferential continuity of the circum­
ferential inplane displacement uand the boundary condition on axial inplane displacement
u were not satisfied. Thus, in Chu's formulation, the homogeneous part of the stress func­
tion, i.e. $h as in equation (18), is not present. Whereas, in Nowinski's formulation [3J, the
mode shape was assumed as,

(70)

(71)

where the function foUl is determined in terms of A MN using the condition of periodicity
of the circumferential displacement; namely,

f.
2IT au

o afJ dfJ = O.

Thus,

(72)

(73)

It can be seen that the mode shape in equation (70) satisfies the simple-support condition
a2 wjax 2 = 0, but the condition w = 0 is violated to the order 0 (A~fN)' Moreover, no condi­
tion was imposed on u and the homogeneous part of the stress function, $h' was taken as
zero.

It should be pointed out that both Chu's [2J and Nowinski's [3J analysis involved a
single mode and the final modal equation in both cases was of the form,

a2AMN 3
-;,-?~+CIAMN+C2AMN = 0

uT-

which is of the Duffing type, involving only non-linear terms of static origin or the so-called
"non-linear elasticity" terms and further C2 was always positive. Thus, as can be seen from
Figs. 1 and 2, the non-linearity effect on the vibrational frequency for all cases is of the
hardening type, i.e. the frequency increases with amplitude.

On the other hand, Evensen's analysis [6J involved a two-mode representation of the
type,

Mnx a . MnX. a
w(X, fJ, t) = AMN(t) sin ----y;- cos Nl' + BMN(t) sm ----y;- sm N l'

N
2

? ? .? (1'.1 nx)
+ 4R [A MN +BMNJ sm- -T . (74)

It has been shown by Evensen [6J, that the above mode shape satisfies the periodicity
condition on u. However, even though the condition w = 0 is satisfied, the condition of
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vanishing moments, i.e. a2/aX2= 0, is not satisfied at the simply-supported ends. Also no
condition was imposed on the axial displacement u at the ends and further it was assumed
that <Dh = O. In non-dimensional form, Evensen's equations obtained from the Galerkin
procedure, look like,

a
2
aMN 3 [ a

2
aMN (aaMN) 2 a

2
bMN (abMN ) 2J-a2 +aMN+-8t/JaMN aMN-a2 + -a- +bMN -a2 + -a-

'MN 'MN 'MN 'MN 'MN

+t/JyaMN[a~N+b~N]+t/J<5bMN[a~N+b~NF = ° (75)

and another equation with AMN and BMN interchanged. In Evensen's notation,

(76)

(77)

(78)

(79)

(80)

(81 )

Thus, it should be observed, that Evensen's equations involve: (a) non-linear elasticity terms
of order 0(A1N)' with the coefficients of non-linearity y in equation (80) which can be either
positive or negative depending on~, (b) non-linear elasticity terms of order O(A~N) with the
coefficient of non-linearity c:5 in equation (81) which is always positive and in addition, (c)
non-linear inertia terms of the typeP f" + f(f')2 (where f == AMN ), with the coefficient of
non-linearity, t/J, being always positive.

From general considerations of equations of the type (75), it can be shown (as, for
instance, in Bolotin [7]), that: non-linear inertia terms with positive coefficient of non­
linearity, in general, cause a decrease of natural frequency with amplitude; and non-linear
elasticity terms either of third or fifth order with positive coefficients of non-linearity, in
general, cause an increase of natural frequency with amplitude. Thus, in Evensen's analysis,
the non-linear inertia terms always cause a decrease in natural frequency; the fifth order
non-linear terms always cause an increase in natural frequency; and, on the other hand,
third order non-linear terms cause a decrease in natural frequency, if

(82)

and cause an increase in natural frequency, if

1 t/J 1
(e+l)2 < 12(I-v2)+16'
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Thus, for results shown in Fig. 1; where t/J = 1·0 and ( = 0·5 both the non-linear inertia
terms and the third order non-linear elasticity terms are of the softening type, which
dominate the hardening effect of the fifth order elasticity terms. On the other hand, for
results shown in Fig. 2, where t/J = 1·0 and ( = 2·0 both the third and fifth order non-linear
elasticity terms cause a hardening effect, which dominate the softening effect of the non­
linear inertia terms. Thus, Evensen's analysis appears to indicate that the nature of non­
linearity essentially depends on the parameters ( and t/J.

In contrast in the present analysis, the assumed mode shape, equation (14), satisfies both
the simple-support conditions on w exactly, and the periodicity condition on v is satisfied
only on the average, which has been found to involve approximations of order O(A~N)'

Also an "average" constraint condition is imposed on the inplane displacement u. Thus,
the homogeneous solution <l>h does not vanish and is given by equations (18)-(21). The
modal equations involve only non-linear elasticity terms of second and third order. The
primary third order non-linear coupling coefficients Cjjji and Cjjjj for i,j = 1,2 are always
positive, where as the sign of the coefficient C33ii for i = 1,2,3 depends on the values of the
parameters M, A, <5 and N. Also, when only one axial mode is retained, the second order
coupling coefficients bijk vanish for M even, (whereas they are non-zero for M odd) denoting
absence of second order coupling between the Nth and zeroth circumferential modes.

Thus, when M is even, in both Fig. 1 (( = 0·5; t/J = 1·0) and Fig. 2 (( = 2·0, t/J = 1·0)
the coefficient C1111 is positive and hence a hardening type non-linearity is predicted and the
hardening effect is found to be more dominant than the results given by Chu [2J and
Nowinski [3]. When M is odd, bijk =1= 0 and are such that the coefficient Yk in equation (63) is
slightly decreased compared to the case when M is even and hence, as shown in Figs. 1and 2,
the hardening effect is less pronounced than the case when M is even.

The pronounced non-linear hardening effect in the present analysis as compared with the
results of Chu [2J is due to the fact that the structure is effectively stiffer when the axial
inplane displacements are prevented. The relative softening effect caused by the second order
non-linear terms, in the present case for M odd, indicates the desirability of retaining addi­
tional axial modes in order to allow for the effect of circumferential coupling.

SUMMARY AND CONCLUSIONS

The non-linear flexural vibrations of a simply-supported thin-walled circular cylinder
was analyzed by choosing mode shapes for the normal displacement and applying the
Galerkin technique. The assumed mode shape satisfies the simple-support boundary
conditions on normal displacement exactly and the inplane-displacement boundary
conditions were satisfied on an average and a non-zero homogeneous solution was assumed
for the inplane-stress function. Even though the explicit expressions for the Galerkin-type
modal equations were given only a three-mode response case, a general solution procedure
for the coupled non-linear response of (M x N) modes of the shell subjected to arbitrary
initial conditions is presented. The theoretical results show, that because of the non-linear
coupling, the response involves several modes, even though the shell is excited initially in
a given mode. The relation between the natural frequency ofeach mode and their amplitudes
is derived theoretically.

From the results of a three-mode response case, it has been found that the non-linearity
was of the hardening type (for ( = 2, t/J = 1; and for ( = 0·5 and t/J = 1·0). When the axial
wave number M is both even or odd.
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The non-linearity, even though in qualitative agreement with that predicted by Chu [2]
in all the cases considered here, is quantitatively stronger than that predicted by Chu and
this difference can be attributed to the fact that for large values of ~ considered here (which
implies that L/R of the cylinder is small) the imposition of the restraint condition on the
inplane-displacement, as in present analysis, stiffens the structure considerably. The results,
however, differ significantly from those of Evensen [6], whose analysis predicts that the
non-linearity can be either the softening type (as in , = 0·5 and t/J = 1·0 case) or of the
hardening type (as in , = 2 and t/J = 1·0 case). A discussion of this discrepancy has been
presented. Additional experiments, with emphasis on the boundary conditions, appear to be
necessary to confirm the non-linear behavior of shell response for larger values of (.

It is also pointed out that when only one axial mode is retained, for M (axial wave
number) odd, the Nth and zeroth circumferential modes are coupled in the quadratic
non-linear terms in the modal equations while they are uncoupled for M even. For M odd,
in both the cases, for which results are presented here, the effect of the quadratic coupling
was to decrease the hardening effect of the cubic non-linear terms. This indicates the desir­
ability of retaining additional axial modes for M even or odd to allow for the effect of
circumferential coupling.

The present analysis is based on Donnell's shell equations which are valid for circumfer­
ential wave numbers n, such that 1/n2 < 1. The application of a more accurate shell theory
such as due to Koiter [23] might prove useful.

Finally, it should be stressed the solution procedure given here, for free vibration prob­
lems represented by Galerkin-type of modal equations for many degrees-of-freedom and
involving quadratic and cubic non-linear modal couplings, is general and can be applied to
other vibrating structural elements like beams and plates.
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APPENDIX

Only the non-zero values of the coefficients nf, bijk , C ijkl used symbolically in the text
are given here, for the three mode case, in terms of the already defined non-dimensional
parameters characterizing the shell geometry and material properties.

n~ = Cil+KCiICI

n~ = Ci l + K + 2v2C!¢3[1- (-1)MJ2

bl13 = b223 = {-4Kc5[I-~nl)MJ[I+CICil+Cil(4C20'5+C30'5)2J

(A.I)

(A.2)

(A.3)

KC3 t I'2c5[1-( -I)MJ}
Mn(l- 1'2)

(AA)

KA 2 v2
M Kc5v , M

b333 = +(1_v2)Mn[I-(-I) J-(1_v2)MnCi'[l-(-I) J

Kc5 2 Kc5 2 C;+
CIIII = Cll22 = C2211 = C llll = 16(Ci l + C31

) + 8(l_;2)(Ci++ C3+V)

(A.5)

(A.6)

(A.?)
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C2233 = {Kb2Cit[t+lC31(C3t +4C2t)-2J

C2b2K KC3tCitb2}
+4(1- v2) + 4(1 - v2)

[
_ KA2bvCit KCZ1b2J

4(1- v2
) +4(1- v2

)

and

C
3311

= C
3322

= {_ KA2o...(VC-t+C-t)+ KCztb2(C2t+VC3!)
8(1- v2) 2 3 8(1 _ v2 )

+ Kb2CitLt+tC31(C3t + 4Czt)-2J}.

(Received 18 May 1971; revised 24 August 1971)

(A.9)

A6crpaKT-l1c1lOJl1>3Yll ypaBHeHllli .LJ:olleJlJla, IlcCJleAYIOTcll HeJlIlHeitHbie cBo6oAHbie KOJle6aHIlll KpyrJIoil:
UtlJItlHAPH'lecKOIl. 060JIO'lKH. I1cnOJIb3yeTcll MO,l],anbllOe pa3JlOlKeHIle ,l],Jlll HOpMaJlbllOrO rrepeMelllellHll,
YAOBJIeTBOpJllllee TO'lIlO rpaHH'lllblM YCJlOBlIllM AJIll 1I0pMaJlblloro llepeMelllellllll, rpaHlfyllble lKe ycnOBHll
Ami rrepeMeUleHllit B IlJlOCKOCTH upH6Jllf3llTeJlbllO YAOBJIeTBOpeHbl MerOAoM ycpeAlleHlIll. I1cnOJlb3yercll
MeTOA raJlepKHHa, C ueJlblO cBeAeHlU'{ 3aAa'lH K CHcreMe COllplllKellllblX lIemmeil:Hblx 06blKIlOBellHbiX
AlfcPt!lepeHUHallbHblX ypaBlleHHit AJlll MOAaJlbllblX aMIlJ1HTYA. 3TH lleJlHlleitHble AHcPt!lepellUlfaJlbHble
ypaBHelllfll pewalOTCll AJill UPOH3BOJlbHbiX lla'laJlbHhlX yCJlOBHit, llyreM npHeMa MeroAa MHoroBpeMeHHoro
nepeC'lera. .LJ:alOrcll JlBHhle 3Ha'lelllfll K03cPcPHUHeHrOB, CYUlecTBYIOWHX B ShlUle ynoMHllToll. CHCTeMe
ypaBHellHiI: ranepKHlla. OHH BblpalKalOTCll 6e3pa3MepllblMH napaMeTpaMH, Koropble xapaKrepH3YlOr
reoMerplllO 060JIO'lKH H cBoitcrBa MarepHana, AJifl rpex BHAOB KOJIe6aHHH, AJIll KoropblX npeACTaBJleHbl
pe3YJlbTaTbi AJIfl ClleUHaJIbHblX Ha'laJlhHbiX ycnoBHiI:. .LJ:aeTcll cpaSHeHHe pe3YJlhraTOB C TaKHMH lKe,
nOJlY'leHHhlMH 8 npeAblAYIIIHX HCCJIeAOBallHfl 3aAa'lH H 06cYlK,lI,aeTCll pa3HHUbI MelK,ll,Y pe3YJIbTaTaMH
TeopHit.


